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We study effects of CP violation in a modiﬁed bipair neutrino mixing scheme predicting sin2 θ23 near
both 0.4 and 0.6 currently consistent with experimentally allowed values. The source of CP violation is
supplied by charged lepton mixing accompanied by a single phase, whose mixing size is assumed to be
less than that of the Wolfenstein parameter for the quark mixing. Including results of leptogenesis, which
is based on the minimal seesaw model, we obtain the allowed region of CP-violating Dirac and Majorana
phases, which provides the observed baryon asymmetry of the universe in the case of the Dirac neutrino
mass matrix subject to one zero texture.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.1. Introduction
One of the important and unsolved problems in neutrino
physics is understanding of the CP properties of neutrinos, where
CP violation may occur. For three ﬂavor neutrinos, CP violation is
induced by one CP-violating Dirac phase δCP and two CP-violating
Majorana phases α2 and α3. The CP-violating Majorana phases
completely disappear from the oscillation probabilities and can-
not be measured by quite familiar oscillation experiments [1].
Although the CP-violating Majorana phases can enter in processes
of neutrinoless double beta decay, the detection of the Majorana
CP violation has not been succeeded [2]. On the other hand, in the
leptogenesis scenario [3], the baryon–photon ratio in the universe
[4] is generated if CP-violating Majorana phases exist.
Recently, T.K. and M.Y. have studied the correlation between
CP-violating Dirac and Majorana phases in the modiﬁed bipair neu-
trino mixing scheme without consideration of the leptogenesis [5].
The allowed region of these CP-violating phases, which is consis-
tent with the observed neutrino mixing angles, has been deter-
mined.
In this Letter, including leptogenesis analysis, we re-examine
the allowed region of CP-violating Dirac and Majorana phases in
a modiﬁed bipair neutrino mixing scheme.
2. Modiﬁed bipair neutrino mixing
The neutrinos have tiny masses mi (i = 1,2,3) and exhibit
non-zero mixing angles θi j (i, j = 1,2,3). There are theoretical
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SCOAP3.discussions that predict these mixing angles in literatures [6]. The
bipair neutrino mixing scheme is one of such mixing textures. The
original bipair neutrino mixing [7] is described by a mixing ma-
trix which is equipped with two pairs of identical magnitudes of
matrix elements to be denoted by U0i j (i, j = 1,2,3). There are
two cases of the bipair texture. The case 1 of the bipair neutrino
mixing (|U012| = |U032| and |U022| = |U023|) is parameterized by U0BP1
and the case 2 of the bipair neutrino mixing (|U012| = |U022| and
|U032| = |U033|) is parameterized by U0BP2 as follows:
U0BP1 =
⎛
⎝ c s 0−t2 t t
st −s t/c
⎞
⎠ , U0BP2 =
⎛
⎝ c s 0−st s t/c
t2 −t t
⎞
⎠ , (1)
where c = cos θ12, s = sin θ12 and t = tan θ12. The mixing angles are
predicted to be sin2 θ12 = 1 − 1/
√
2 = 0.293, sin2 θ23 =
√
2 − 1 =
0.414 and sin2 θ13 = 0 in the case 1 while the mixing angles are
predicted to be sin2 θ12 = 1 − 1/
√
2 = 0.293, sin2 θ23 = 2 −
√
2 =
0.586 and sin2 θ13 = 0 in the case 2. It should be noted that the
bipair neutrino mixing scheme does predict the larger value of θ23
consistent with its experimentally allowed value around 0.6 [8].
The original bipair neutrino mixing predicts sin2 θ13 = 0 which
is inconsistent with the observation. It is expected that additional
contributions to the mixing angles are produced by charged lepton
contributions [8] if some of the non-diagonal matrix elements of
charged lepton mass matrix are nonzero so that the reactor mixing
angle can be shifted to lie in the allowed region.
We follow the modiﬁcation scheme in Ref. [5]. The modiﬁed bi-
pair neutrino mixing U is given by U = U †Uν , where U (as well
as UR to be used later) and Uν , respectively, arise from the di-
agonalization of the charged lepton mass matrix M and of the
neutrino mass matrix Mν . The neutrino mixing matrix Uν can beunder the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by
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deﬁned by P = diag(1, eiφ2 , eiφ3) with phases φ2 and φ3 and, simi-
larly, K = diag(1, eiρ2 , eiρ3 ). As a result, U˜0ν contains a CP-violating
phase of the Dirac type. The lepton mass matrices satisfy the rela-
tions of M = UMdiag U †R and Mν = UνMdiagν U Tν , where Mdiag and
Mdiagν are, respectively, the diagonal mass matrix of charged lep-
tons and of neutrinos. Flavor neutrinos, therefore, form a mass ma-
trix M f given by M f = U T MνU . In order to estimate the charged
lepton contributions to the mixing angles, we take the neutrino
mixing matrix to be either U0ν = U0BP1 or U0ν = U0BP2.
The charged lepton mixing matrix U can be parameterized
by three mixing angles and one phase δ . To be more speciﬁc,
we adapt the Cabibbo–Kobayashi–Maskawa like parameterization
of the matrix U [8,9]:
U =
⎛
⎜⎜⎜⎝
1− 	212+	2132 	12 e−iδ	13
−	12 − 	23	13eiδ 1− 	
2
12+	223
2 	23
	12	23 − eiδ	13 −	23 − 	12	13eiδ 1− 	
2
23+	213
2
⎞
⎟⎟⎟⎠ ,
(2)
where 	i j (i, j = 1,2,3) is small parameter having magnitude of
the order of Wolfenstein parameter ∼ 0.227 for the quark mix-
ing or less. The most simple case will be obtained in the case of
	12 = 	23 = 	13 = 	 . Hereafter, we consider this simple case. We
note that the unitarity problem with Eq. (2) has been discussed in
Ref. [5].
It is known that CP-violating Dirac phase δCP is determined by
the Jarlskog invariant [10]
sin δCP = Im
(
U11U22U
∗
12U
∗
21
)/(
c12c23c
2
13s12s23s13
)
.
One can also ﬁnd CP-violating Majorana phases α2, α3 to be [5]:
α2 = arg(U12U∗11) and α3 = arg(U13U∗11) + δCP .
3. Leptogenesis
The tiny neutrino masses could be explained by the so-called
seesaw mechanism [11]. In the minimal seesaw model [12], we
introduce two right-handed neutrinos N1 and N2 into the standard
model and obtain a light neutrino mass matrix by the relation of
M f = −mDM−1R mTD , where mD is a Dirac neutrino mass matrix and
MR is a right-handed neutrino mass matrix.
The baryon–photon ratio in the universe ηB can be gener-
ated by leptogenesis within the framework of the minimal seesaw
model in collaboration with the heavy neutrinos and Higgs scalar.
The recipes to predict ηB are given in Ref. [13] as follows:
(I) We assume that the mass matrix of the right-handed neu-
trinos is diagonal and real: MR = diag(M1,M2) and that no phases
are associated with the heavy neutrinos. The CP asymmetry from
the decay of N1 (we assume M1  M2) is given by the ﬂavor-
dependent λα (α = e,μ, τ ):
λα = 1
8π v2
Im[(m†D)1α(mD)α2(m†DmD)12]
(m†DmD)11
f
(
M2
M1
)
, (3)
where v  174 GeV and
f (x) = x
(
1− (1+ x2) ln
(
1+ x2
x2
)
+ 1
1− x2
)
. (4)
(II) The washout effect on λα in the expanding universe is con-
trolled by η(mα1eff ), where
η(x) =
(
8.25× 10−3 eV
x
+
(
x
2× 10−4 eV
)1.16)−1
, (5)
and mα = (m† )1α(mD)α1/M1.1eff D(III) For our adopted range of M1, see below, the lepton number
in the co-moving volume is calculated to be
YL  12
37g∗
[
(λe + λμ)η
(
417
589
(|a1|2 + |a2|2)
)
+ λτη
(
390
589
|a3|2
)]
, (6)
where we take the Dirac neutrino mass matrix in terms of 6 pa-
rameters a1, a2, a3, b1, b2, b3 as
mD =
⎛
⎝ a1 b1a2 b2
a3 b3
⎞
⎠ . (7)
(IV) The effective number of the relativistic degree of freedom
g∗ is calculated as [14]
g∗ =
∑
i=bosons
gi
(
Ti
T
)4
+ 7
8
∑
i=fermions
gi
(
Ti
T
)4
, (8)
where T is thermal equilibrium temperature of the universe,
Ti and gi are temperature and number of internal degrees of free-
dom of the relativistic particle species i. We assume that all the
particle species in the standard model were relativistic when the
leptonic CP-asymmetry was generated by the decay process of the
lightest right-handed neutrino N1, while N1 was heavy enough to
be non-relativistic itself. We take g∗ = 106.75.
(V) The baryon number in the co-moving volume is YB =
−0.54YL . Finally, the baryon–photon ratio is estimated to be ηB =
7.04YB .
According to the condition of det(M f ) = 0, at least one of the
neutrino mass eigenvalues (m1,m2,m3) must be zero in the mini-
mal seesaw model [12]. We obtain the two types of hierarchical
neutrino mass spectrum in the minimal seesaw model. One is
the normal mass hierarchy (m1,m2,m3) = (0,
√
m2,
√
m2atm)
and the other is the inverted mass hierarchy (m1,m2,m3) =
(
√
m2atm,
√
m2atm − m2,0), where the squared mass differ-
ences of solar and atmospheric neutrinos, respectively, deﬁned
by m2 ≡ m22 − m21 and m2atm ≡ m23 − m21. We use m2 =
7.50 × 10−5 eV2 and m2atm = 2.473 × 10−3 eV2 [15]. Since we
would like to discuss effects of the CP-violating Dirac phase on the
creation of lepton number YL , we may consider the renormaliza-
tion effects that modify the magnitude of when is promoted to YL .
It has been discussed that the renormalization effect is rather in-
signiﬁcant for neutrinos in the normal mass hierarchy [16], where
we reside now. Moreover, because of the mass spectrum of the
minimal seesaw, only a single Majorana phase is physically rel-
evant. For the rest of paper, we use α = α3 − α2 to denote the
physically relevant CP-violating Majorana phase.
4. Sizes of CP-violating phases
To estimate sizes of CP-violating phases, we perform the nu-
merical calculation with the following setups:
(I) The ﬂavor neutrino mass matrix M f described by six neu-
trino masses contains ﬁve complex parameters because of the con-
dition of det(M f ) = 0. If the Dirac mass matrix mD , which contains
six complex parameters, has so-called one zero texture [17], we
can analytically express the Dirac mass matrix elements in mD in
terms of the light neutrino masses in M f . We assume that either
one of a1, a2, b1, b2, b3 is equal to zero. The case with a3 = 0
should be omitted to avoid divergence arising from Eq. (5) and
Eq. (6).
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(II) For an input mass parameter M1, we consider the case of
M1  1012 GeV, where ﬂavor effects are relevant [13]. The heav-
ier neutrino mass M2 is ﬁxed to be M2 = 103M1. Other input
parameters are taken to vary in the range of 0  	  0.227 and
−π  φ2, φ3, δ  π .
(III) Remaining input parameters are the 1σ data of neu-
trino mixing angles [15], e.g., sin2 θ12 = 0.302+0.013−0.012 and sin2 θ13 =
0.0227+0.0023−0.0024 as well as sin
2 θ23 = 0.413+0.037−0.025 for the case 1 and
sin2 θ23 = 0.594+0.021−0.022 for the case 2 together with the observed
baryon–photon ratio ηB = 6.160+0.153−0.156 × 10−10 [4].
(IV) In order to ensure the thermal leptogenesis to be the
source of the baryon asymmetry in the universe, the reheat-
ing temperature after inﬂation must have been greater than the
mass scale of the lightest right-handed neutrino [18]. Hence the
lower bound on the reheating temperature must be greater than
∼ 1010 GeV. However, this high reheating temperature is not suit-
able for supersymmetric (SUSY) theories because it may lead to an
overproduction of light supersymmetric particles, such a gravitino
after inﬂation [18]. We are not considering this problem here and
are limiting discussion on non-SUSY cases.
Fig. 1 for the case 1 (BP1) and Fig. 2 for the case 2 (BP2)
show how δCP in the neutrino mixing is correlated with δ in
the charged-lepton mixing. In these ﬁgures, a1 = 0, a2 = 0 and so
on described in the bottom right corner specify the position of
the zero element of the texture one zero Dirac mass matrix mD .
The almost entire range of δ provides δCP , which is constrained
to yield the observed ηB . Roughly speaking, we ﬁnd that, for the
wider region of the allowed δCP , the region of δCP in the case 1
is complementary to the one in the case 2. This trend cannot be
observed in other ﬁgures, where each ﬁgure is a function of δCP .
Fig. 3 shows the mutual dependence of the mass of right-
handed neutrino M1 and CP-violating phases δCP in the case 1
of the modiﬁed bipair neutrino mixing. Fig. 4 shows the same as
Fig. 3 but in the case 2. We ﬁnd that M1 is constrained as fol-
lows:
• M1  1–5× 1011 GeV in the case 1,
• M1  0.5–7× 1011 GeV in the case 2,
• More stringent constraint of M1  several × 1011 GeV near its
maximal value of 1012 GeV is found for b2 = 0 of b3 = 0.
Fig. 5 shows the mutual dependence of the CP-violating phases
δCP and α in the case 1 of the modiﬁed bipair neutrino mixing.Fig. 2. Same as Fig. 1 but in the case 2.
Fig. 3. The mutual dependence of (M1, δCP) in the case 1.
Fig. 4. Same as Fig. 3 but in the case 2.
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Fig. 6. Same as Fig. 5 but in the case 2.
Fig. 6 shows the same as Fig. 5 but in the case 2. We see overall
behavior of the mutual dependence of δCP [rad] and α [rad] as
follows:
• in the case 1 for the all cases;
– |α| approaches to its maximal value of π/2 as |δCP| ap-
proaches to its minimal value around 0,
– |α| approaches to its minimal value of 0 as |δCP| approaches
to its maximal value of π/2,
– roughly speaking, δCP is scattered around the straight line of
|δCP| = π(|α| − 2)/4,
• in the case 2 for a1 = 0, a2 = 0 or b1 = 0;
– |α| approaches to its maximal value of π as |δCP| approaches
to its minimal value of 0,
– |α| approaches to its minimal value of 0 as |δCP| approaches
to its maximal value of π/2,– roughly speaking, δCP is scattered around the straight line of
|δCP| = (|α| − π)/2 except for α = 0,
– δCP takes any allowed values for α ∼ 0,
• in the case 2 for b2 = 0;
– δCP ∼ 0,
– |α| ∼ 0.5 or 3π/4 |α| π ,
• in the case 2 for b3 = 0;
– δCP ∼ 0 or δCP takes any allowed values for α ∼ 0,
– |α| 0.5 or 3π/4 |α| π .
5. Summary and discussions
We have assumed that CP-violating phases are induced by
charged lepton mixing including the phase δ accompanied by its
mixing parameter 	 , whose size is taken to be less than that of
the Wolfenstein parameter for the quark mixing. The Dirac mass
matrix is limited to one zero texture and M1 is constrained to be:
M1  1012 GeV ( M2), where the ﬂavor effects are relevant for
the leptogenesis.
The following predictions are obtained:
1. The larger CP-violating Dirac phase around |δCP| ∼ π/2 fa-
vors for the suppressed CP-violating Majorana phase α around
α ∼ 0 except for b2 = 0 in the case 2, where CP-violating Dirac
phase should be small in this case.
2. The smaller CP-violating Dirac phase around |δCP| ∼ 0 favors
for the larger CP-violating Majorana phase α around |α| ∼ π/2
in the case 1 or around α ∼ 0,±π in the case 2.
3. δCP is scattered around the straight line of |δCP| = π(|α|−2)/4
in the case 1 or |δCP| = (|α| − π)/2 except for α = 0 in
the case 2 (δCP takes any allowed values for α ∼ 0 in this
case).
4. The most stringent constraints on the CP-violating phases are
obtained in the case 2 with b2 = 0 as δCP ∼ 0 and |α| ∼ 0.5 or
3π/4 |α| π .
Furthermore, if the CP-violating Majorana phase is suppressed, the
case 1 of the smaller values of sin2 θ23 needs δCP ∼ π/2 while the
case 2 of the larger values of sin2 θ23 except for the b2 = 0 case al-
lows the nonvanishing δCP covering a wide range of −π/2 δCP 
π/2. For b2 = 0 in the case 2, δCP is also suppressed and the larger
M1 near its maximally allowed value is thus required.
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